Here, we present a solution to a problem that has not yet been practically solved in the literature: efficient minimization of arbitrary ESOP expressions for multiple-output multiple-valued input incompletely specified functions. This paper describes an approximate method that yields especially good results for the minimization of strongly unspecified multi-output logic functions with multiple-valued inputs and binary-valued outputs. We are the first authors who provide documented results of ESOP minimization for r-bit decoders with r > 2. Experimental results for binary, 4-valued inputs, and 8-valued inputs will be shown. For convenience, examples with 4-valued inputs will be presented in most of the cases. Our approach is a generalization and a continuation of the line of research from [4 , 5 ,7] and [81.
In Section 2, definitions and terminologies are given.
Our new cube operation --multiple-valued exorlink operation is introduced in Section 3. In Section 4, our algorithm for ESOP minimization using exorlink is discussed. The experimental results are evaluated in Section 5. The conclusion is given in Section 6.
Definitions and Basic Properties
A multiple-valued input, two-valued output, incompletely specified switching function f ( multiple-valued function, for short) is a mapping f(XI,Xz, . . . ,X,): 
cares).
Our primary goal of MlESOP synthesis is to minimize the nurnber of terms. For the circuit with the minimum number of terms our secondary goal is to minimize the total number of inputs to AND and EXOR gates. Therefore the costfunction C to be minimized by our algorithm is as follows:
NI
where:
NT is the total number of terms in the solution,
NI is the total number of input wires to AND and EXOR gates in the solution,
NIln is the total number of input wires to AND and EXOR gates in the initial function. According to the cost function, if two solutions have different number of terms, the better solution is the one which has less number of terms, because its NT is smaller. If two solutions have the same number of terms, the better solution is the one which has less number of inputs, because its -is smaller.
A switching function with multiple-valued inputs is uniquely determined by its truth table, or by an expression given in SOP or POS. A multiple-valued input, two-valued output function will be simply called afunction from now on. Any literal of the form X i ' ' is identically equal 1. Hence, we often write X i 9 Xis! as Xis!.
Let A, B, C denote any values of multiple-valued input literals, or any functions on them. The following operations hold for multiple-valued input algebra:
1.
Associative laws:
2.
Commutative laws:
Definition 2 . The distance of two cubes is the number of variables for which the corresponding literals have disjoint sets of truth values (in other words -the number of variables for which the sets Si and Ri are disjoint ). For instance, the distance of cubes Xo1Y02Z123 and X12Y1Z13 in the four-valued algebra is 1, since sets {O, 11 and { 1, 2) of variable X are non-disjoint, so as the sets (1, 2, 3 ) and { 1, 3) of variable Z. The sets (0,2} and ( The exorlink of cubes CS and CR is defined by the following formula:
x;,,,R" . . ' x j , R q x I , s~* ) ]
To find the exorlink of a pair of two full terms, for example Aol BO2 C012D2E13 and A12B12 C 2 D 2 E 1 3 , in a 4-valued function, we write them vertically like this:
T T T
Each time when the literals have different set of values from full term to full term in the pair it is denoted by an arrow. Let us now consider each arrow separately. The above initial pair of full terms can then be expanded to three resultant terms, for variables A , B , and C respectively, as shown below. For variable A , the term Ao2 B l 2 C 2 D 2 E l 3 is created as follows: Our approach uses specific exorlink variant rules for difference value from 0 to 3 and distance value from 0 to 3. Since the difference value cannot be smaller than the distance value, there are 10 variant exorlink operations, part of which are described by formulas from section 2. For instance, 3A corresponds to difference 0, distance 0 exorlink; 3B corresponds to difference 1, distance 0 exorlink; 3C corresponds to difference 1, distance 1 exorlink; 3D corresponds to difference 1 exorlink; 3E corresponds to difference 2 exorlink.
Next, the difference 1, difference 2, and difference 3 exorlink are discussed.
Difference 1 exorlink
Difference 1 exorlink generates one resultant cube. Let us look at the following examples which assume 4-valued input logic: ------------
_____-______ ------------
This operation is equivalent to X-MERGE [7] .
3.3. Difference 2 exorlink. Difference 2 exorlink generates two resultant cubes: If Si n Ri f @ and S j n R; f +, no compatible operation can be found in the previous literature.
X-EXPAND-1 Of [7] .
to DUAL-COMPLEMENT of [7] .
3.4. Difference 3 exorlink The example given in Section 3.1 is an example of difference 3 exorlink operation. Difference 3 exorlink generates three resultant cubes. So, one more term will be generated each time when this operation is performed. This seems contradictory to our primary goal: minimizing the number of terms. However, it is proved in If no further difference 1 exorlink operation are possible, difference 2 exorlink operations are performed to minimize the connections. For incompletely specified functions, the ON set is minimized first. Then sharp operation [12] is executed between each cube i in the ON set and the cubes in the don't care set. If cube i is empty, it will be removed from the ON set. If no more cubes in the ON set can be sharped out, difference 2 exorlink operations are performed in order to provide further opportunities. Next, each variable of cube i in F is masked, and sharp is performed between cube i and the cubes in the don't care set. Let us denote the resultant cube by j . If the complement of cube j is the same as cube i except the masked variable, difference 1 exorlink operations between cubes j and i are performed. Successful application of these operations decreases the numbers of connections. Input: Arrays ON and DC of disjoint cubes for a multi-valued input function.
1.

2.
3. 
Evaluation of Results of EXORCISM-MV-2
Exorcism-mv-2 was tested on several benchmarks, as illustrated in Tables 1, 2 , 3 and 4. All the benchmarks are run on Sparc Station I. Table 1 presents, for each function, the total number of resultant cubes (i.e. product terms in the solution), the number of inputs to AND gates in the solution, the number of inputs to EXOR gates in the solution, and the user time. Table 2  and Table 3 does the same for 2-bit and 3-bit decoders respectively. Table 4 shows the results for MCNC benchmarks. Table 2   Table 3 Table 4 ex5 f51m frg 1
